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Abstract

Statistical regularities at the top end of the wealth distribution are examined using the
Forbes 400 lists. We find that wealth is distributed according to a Pareto (power-law)
distribution. This result is explained by a simple model based on stochastic returns
and market efficiency.
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Introduction

Every year, in September, Forbes magazine publishes the list of 400 richest
people in the United States (see www.forbes.com/lists). The list includes the net
worth of each individual as well as background information about the businesses that
have lead to this prosperity. The list is amazingly diverse including individuals
involved in all sectors of the economy, such as computer software (Bill Gates, Paul
Allen and Larry Ellison), financial investments (Warren Buffet), retailing (the Walton
family), computer hardware (Michael Dell) as well as media, entertainment,
communication, real estate and many other sectors.

Although the people included in the Forbes 400 list made their fortunes in
various different ways, the distribution of their wealth exhibits a striking statistical
regularity. This regularity describes not only the wealth distribution at the very top of
the wealth range, but also provides insight about the distribution of wealth at wealth
levels many orders of magnitude below this range. Moreover, the empirical findings
shed light on the nature of the wealth accumulation process, and on its relation to the

central issues of market efficiency and market fluctuations.

Empirical Findings

The wealth distribution is typically studied by employing data about the
number of individuals within each wealth range (e.g. the number of individuals with
wealth between $100,000 and $150,000). Here we employ a different approach. We
use the Forbes 400 lists to study the distribution of wealth at the top wealth range.
This approach has the advantage of employing very specific data on the wealth of
each of the individuals on the list, and avoiding the aggregation problems of the

standard approach. The disadvantage, of course, is that this approach is limited to the



very top of the wealth distribution. However, as we argue below, the results obtained
with this approach shed light on a much wider range of the wealth scale and on the
capital investment process in general.

A Pareto (power-law) distribution of wealth implies the following relationship

between the rank of an individual in the wealth hierarchy and her wealth:

W, = Ar P, (1)
where r is the rank (r=1 being the wealthiest person, etc.), w; is the wealth of the
individual with rank r, and A and the exponent (3 are constants (for a derivation this

relationship, see for example, Takayasu [1990], Levy and Solomon [1997], and Levy
[2004]). This implies that when wealth is plotted against rank on a log-log scale a

linear relation is to be observed for a Pareto distribution.
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Figure 1. Zipf plot of the wealth w, of the investors in the Forbes 400 list of 2003
vs. their ranks r. The power-law fit, with p =0.71 and R?=0.994 (see eq.(1)), was

obtained in the central range 50 <r <300. The corresponding simulation results
are shown in the inset.



Figure 1 depicts the wealth, w,, of each of the 400 richest individual in the US in
2003, as a function of their rank, r, on a log-log scale. The data on this graph, known

as the Zipf plot [1949], are fitted very closely by a straight line with p=0.71

(R?=0.994). This indicates an excellent agreement of the empirical data with a Pareto
wealth distribution. Note, however, that due to the relatively small number of data
points the distribution turns out to be rather noisy. To obtain more reliable results we
perform a multi-year analysis by combining the data of the Forbes 400 lists from a
sixteen-year period (1988-2003) to construct a much larger data set wi(t), where t is

the year. The multi-year analysis requires using the normalized wealth variables

400

X, (£) =w, (1) /W(t), wherew(t) = >~

w, (t)/400 is the average wealth of the 400
investors at year t. The time dependence of w(t) for the Forbes 400 investors
between 1988 and 2003, shown in the inset of Fig. 2 (circles), reflects the stock prices

after the 1987 crash, through the recession of the early 1990’s, the bubble economy of

the late 1990’s and its aftermath, and a recovery in 2003.

10 E T T T T T T T TTTT — T T T 11T ? Figure 2. The distribution
C o ] P(x) of the normalized
10° o o = wealth of the Forbes 400
c - ] investors (circles,
10 o = o =1.49 R?*=0.992) and
E e - 3 the corresponding
‘; 10k . a 4 simulations results
f, E o 3 (squares, o, =1.46
i g ] R?=0.996). The inset shows
F o 3 the average wealth W vs.
4L 2 B, _ time (circles), and

Lo D BOOT (U R0 1R B0 206 finer temporal resolution
Year - H
L1 1 L1111 L1111 (rOughSOIIdlInE)_

w0tes | ] . ime (cir _
E e = j simulation results with
1




Figure 2 shows the probability density P(x) as a function of x (circles). In spite of the
dramatic variations in the economic climate during the past sixteen years, the wealth
distribution is in excellent agreement with the Pareto power-law distribution given by

P(x) = k x ) )
with an exponent of o =1.49. The R? of this fit is 0.992. Note that in general the

connection between the Pareto exponent a.and the Zipf exponent 3 is a =1/ (see

Takayasu [1990]). Thus, the value of o =1.49 obtained with the multi-year analysis

and the probability density approach is consistent with the value of 3 =0.71 obtained

as the Zipf exponent for 2003 (1/0.71 = 1.41).

This striking regularity of the wealth distribution confirms the hypothesis
made over a century ago by the famous economist Vilfredo Pareto [1897]. During the
century since Pareto’s work, empirical evidence has been accumulated in support of
his hypothesis (see, for example, Steindl [1965], Atkinson and Harrison [1978], and
Persky [1992]). This is a remarkable result because power-law distributions exhibit
the special property that they have no characteristic scale. It may indicate that the
same dynamical rules of gains/losses apply across the entire economy independently
of the particular sector or the wealth and sophistication of different investors
(Anderson [1997]). Thus, the Forbes 400 data may provide useful information not
only about the richest individuals, but also about the wealth of people in wealth
percentiles far away from the top 400. These findings raise the broader, puzzling
question about the origins of the nature of this wealth distribution. While the physical
properties of humans (such as height) as well as their mental and social abilities
follow Gaussian distributions that tend to be rather narrow, their wealths are very
widely distributed and span over seven orders of magnitude (which, in terms of other
human properties such as 1Q or height, would correspond to observing an individual

with an 1Q of 10°, or an individual who is 10,000 miles tall). What is the underlying



reason for this power-law distribution of wealth? Below we argue that the Pareto

wealth distribution is a consequence of the fundamental nature of the capital market.
The Model

The fundamental property of financial markets that enables some people to get
so rich is the multiplicative nature of capital investments. To exemplify this, consider
an investor who has a capital of $1,000. What does it take to make a million dollars
from this initial investment? In an additive investment process that yields a fixed
amount of, say, $1,000 per year, it would take 999 years. However, a multiplicative
process that doubles the investment each year would require only 10 years. Indeed,
analysis of stochastic models with multiplicative dynamics has provided much insight
about the origin of the power-law distributions in economic systems™.

Here we show that the wealth distribution obtained from the Forbes data can
be reproduced by a very simple stochastic-multiplicative model based on the
following three assumptions:

()] Returns are stochastic;

(1)  Markets are efficient, namely no investor can consistently “beat the
market” reaping abnormal returns. In our model this feature is
incorporated by drawing the random returns for all investors from the
same probability distribution;

(1) There is a minimal amount of wealth, wy,n, which is required in order
to participate in the capital investment process. This can be thought of
as a minimal wealth level needed for basic existence. We assume that

Whin IS equal to some fraction c of the average wealth w.

! See Champernowne [1953], Wold and Whittle [1957], Simon [1955], Simon and Bonini [1958],
Kesten [1973], Levy and Solomon [1996], Sornette and Cont [1997], Takayasu, Sato, and Takayasu
[1997], Marsili, Maslov, and Zhang [1998], Malcai, Biham, and Solomon [1999], Bouchaud and
Mézard [2000], and Levy and Levy [2003].



Our model consists of N investors whose wealths at time t are given by wi(t) ,
n=1, ...,N. The wealths are updated asynchronously such that the average time
between successive updates of each of the w,’s is At. At each update, the randomly
chosen wealth w, is multiplied by a stochastic factor A drawn from a given
distribution p(L). As a result

W, = AW, ()
while all the other wy’s (m=n) remain unchanged. The threshold wealth wWn(t)
required for entering and staying in the market at time t is given by wpin(t)=cw(t) ,
where c is a parameter and w(t) is the average wealth at time t. If wy(t) is reduced
below wpin(t) (by the realization of a low return) investor n is dropped from the list
and a “new” investor then enters, taking over the index n, with an initial wealth w,(t)
= Whin(t) (the results are robust to the relaxation of this assumption regarding the
initial wealth of the new investor). Note that as it is impossible for all investors to

have wealth exceeding the average wealth, we have c<1.

Numerical Simulations

We have performed computer simulations of the model for N=400. The value
of the parameter ¢ was obtained directly from the Forbes data, as the ratio w ., /W,
averaged over the 16 years, where Wy is the wealth of the least wealthy investor on
the list. We find a value of ¢=0.337. Starting from a homogeneous distribution of the
wealth, the wealth distribution spontaneously evolved towards a power-law
distribution [shown in Fig. 2 (squares)], with an exponent a =1.46 (R®=0.996),

which is in excellent agreement with the empirical data (o =1.49, circles in Fig. 2).



The value of the exponent o depends on the value of the lower wealth bound.
Indeed, empirical studies show that the value of o changes across different countries,
and is typically in the range 1<a <2 (see, for example, Steindl [1965], Atkinson and
Harrison [1978], and Levy [2004]). Theoretical analysis shows that for N not too

small, the exponent a is determined by the parameter c, according to:
1
o=— 4
e (4)

(see Levy and Solomon [1996], and Malcai, Biham, and Solomon [1999]). This result
provides a strong connection between the lower-cutoff, and the exponent o that
affects the wealth distribution of the entire population, including those at the top. The
dependence of o on ¢ given by Eq. (4) indeed confirms that a>1 for c<1, in
agreement with the empirically observed values of o. The relationship (4) holds
almost precisely for the Forbes 400 lists (and for the simulation)- the value of c=0.337
corresponds to a value of o =1/(1-0.337) =1.508, which is very close to o =1.49
which is measured directly.

The model predicts that the power-law distribution of wealth extends well
beyond the top 400 investors. To examine this feature we performed simulations with
N=10,000 investors and the same value of c. We obtained a power-law distribution of

wealth with the same value of o (a=1.46 R?=0.998).

Discussion

As mentioned above, the power-law distribution of wealth is insensitive to the
properties of the return distribution p(A). This may explain the robustness of the
power-law behavior in the Forbes data over the sixteen-year period. However, a

crucial assumption in the model is that the same distribution p(L) is used for all the



investors. It was found that simulations in which this assumption is violated do not
give rise to a homogeneous power-law distribution of the wealth (Levy [2003]). Thus,
according to the model, the power-law wealth distribution in the Forbes data indicates
that the ex-ante return distribution is similar for all the investors. This conclusion may
look like a paradox. While it is clear that to be in the top of the list one has to do
’something right” in a big and consistent way, the statistical regularities of the wealth
distribution can be captured by a model that exhibits completely random dynamics.

The resolution of this paradox is that although the ex-ante distribution p() is similar

for all the investors, the realized returns that each investor draws are different. The
multiplicative dynamics greatly magnifies the differences between more successful
and less successful investors, and builds up the power-law distribution of wealth. The

assumption that p(A) is the same for all the investors is an implementation of the

efficient market hypothesis, which states that no investor can consistently obtain a
return distribution better (adjusted for risk) than the return distributions of the other
investors. Thus, our model provides a connection between the efficient market
hypothesis and the Pareto distribution of wealth.

The model also illuminates the relationship between the distribution of wealth
and the distribution of stock market returns. It was observed long ago that fluctuations
in financial markets exhibit non-Gaussian “fat tailed” distributions. Already in the
1960’s Mandelbrot studied the fluctuations in cotton prices and discovered that they
can be expressed by a Lévy-stable distribution (Mandelbrot [1963]). Further evidence
supporting the Lévy-stable distribution was provided by Fama [1965], Roll [1968],
Teichmoeller [1971], and Officer [1972]. Recent empirical studies of the short-term
fluctuations of the S&P500 index provided apparently conflicting results. The central

peak of the distribution of returns has been found to exhibit scaling behavior which is



consistent with the Lévy distribution (see Mantegna and Stanley [1995]). However,
the tails of the distribution of returns have been found to decay as a power-law with
an exponent of roughly 3, namely beyond the Lévy-stable range, (see Gopikrishnan
et al. [1999]).7 It is interesting that our very simple model reproduces both of these
empirical findings, as explained below.

We define the market log-return over horizon t as:

G(1) = In(W(t + 1)) — In(W(t)), (5)
where W is the average wealth. The return distribution P(G) depends, of course, on
the horizon t: the longer the horizon the more spread out the distribution, and the
lower its peak. For a symmetric Lévy distribution the height of the peak of the

distribution , P(0), depends on t as follows:
P.(0)=Dt Y%, (6)
where D is a constant and o is the Lévy exponent (Mantegna and Stanley [1995]).

Figure 3 shows the relationship we find in the simulation of our model

between P, (0)and t on a log-log scale. The relationship is very close to linear over

three orders of magnitude, with a slope —0.67 and R?*=0.99. This is in excellent

agreement  with  the  Lévy  distribution in  the  central  range.

% Two alternative modeling approaches to explain the shape of the return distribution are the mixture of
Gaussians approach developed by Hsu, Miller and Wichern [1974], Pedrosa and Roll [1998], and the
ARCH/GARCH approach of Engle [1982], Bollerslev, Chou and Kroner, [1990].
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Figure 3. The height of the central peak P_(0) vs. T on a log-log scale. The inset shows

a scaling plot of P_(G /tllo‘) for 1=1,2,4,8. The central peaks coincide confirming the
scaling in the main Figure, but the tails deviate from the Lévy-stable form.
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Levy and Solomon [1997] and Levy [2003] argue that the source of the Lévy
distribution of stock returns is rooted in the Pareto distribution of wealth. Their
argument is based on the Doblin-Gnedenko Theorem (see Feller [1971]), and it leads
to the prediction that the Lévy exponent, o, , should be equal to the Pareto exponent
oo. Our simulation offers a test of this prediction. The slope of —0.67 in Fig. 3
corresponds to a value of a; =1.49(see eq.(6)). This is very close to the Pareto
wealth exponent in the simulation (o=1.46). Moreover, the value o =1.49 which is
empirically obtained from the Forbes data is similar to the value o =1.40

empirically measured by Mantegna and Stanley [1995] for the S&P index.
Another test for the agreement of the return distribution with the Lévy

distribution is suggested by the scaling properties of the Lévy distribution. A Levy
distribution P, (G) scales as G/t¥%. In other words, with this scaling the
distributions P_(G) with different horizons t all fall one on top of the other (see

Mantegna and Stanley [1995]). The inset of Figure 3 shows this scaling. In the central
part of the distribution we find an excellent agreement with the predictions of the
Lévy distribution — in this range the distributions all fall on top of each other.
However, at the far tails of the distributions this scaling breaks down. These results
are completely consistent with the empirical findings regarding the return
distributions of market indices.

In conclusion, the Forbes 400 lists reveal a striking agreement with the Pareto
power-law distribution of wealth. A simple model that incorporates stochastic returns
and a lower-bound on the wealth of investors, provides an interesting connection
between market efficiency, the Pareto distribution of wealth and the distribution of

stock market returns.
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